Regression and Optimization Linear Classifiers w ' x (with log. loss) Forward Propagation W € R°“*" Repr. z; = W ' x;. Recon. § = WW "x;

Square Error (featurized): GD — w||lwym = argmax | _y margin(w) w/ Input 1.: v(° ) — = [x;1] Output L.: f = w @D, (L-1) PCA viaSVD: X = vV - w=V. 1k
Lw) =1y (yi—wT¢;(x)?) = Ly —ow|f3 in(w) = min; v;(w. ) (min di 3y i ) — D 0-1) & 1) — (D). 1] Kernelized PCA: With w = ¥ o(x;) and
a2\ j (X ally 2 margin(w) = min; y;{w, x;) (min distance to x;) Hiddenl.: z) =W &v o(z");1 EAg
VyL(w) = 20T (@w—y) (®'®psd)  Hard SVM: min,, ||w||> s.t. Vi. yw x; > 1 Backward Propagation argmax,_w' Zw = argmaxw ' X ' Xw —>
Gradient Descent: w'*! = w' — nV,L(w') Other Methods Given from L+1, to compute, given from FP, o = argmax, %
Convergence: ||w' ! — W| |2 < p W| |2 kNN: Classify by k nearest neighbors classes. (VW(L>[)T — % 83/{,) — %V(Lfl) With closed form solution (for any k):
with speed p = ||[I — nX X[, for n < lmax‘ Decision Trees: Tree w/ rules r,(x) = L1~} (Vyanl)T = 2L o) _ (-2 ol = \sz fromK Yidiviv] ;A > > A

M g P i = 5K

n

. o Wwt— - ()/ 97— D oW1 — =
Hypothesis Testing (V " z)l)T Jl ()f 9zL-1) 9AL-2) == z; = Zj j (XJ’ ) as projectlon.
wie-

Momentum: w'*! = w + Aw'~! —nVL(w) V41 y_1 FNR = BN = 9F 901 902 WD) Joe ) o NI
SGD: | VL (W), C ] i TP F:Pl Where error §) = ¢ (z1)) & (WD T §(0)) Autoencoder: W* = argminY_ ||x; — fi (xl)ll.z
e - FDR = #y=1 and V1 = 8WvI=DT to calc the gradient. Thus f(x;8) = faec(fene (12 Benc): Buec) and if
Model Selectln . $., | FN/T,; TN Precision = #ﬁjf’rl 4 Overfitti d Robust activation is identity and square loss = PCA.
Empirical Risk: L(f;D) = R = i Recall/TPR — #TP _ OVEriiing anc Robustness Probabilistic Modeling
Exp. Estimation Err.: Ey [ ( Fo(x), () Sl v— @ = H=+1 Toavoid 0,* grad. keep V of activation const. S h Pov th |
0 x [(Jp(x) . dec1s1on instead of 0: 7 small: TPR/FPR 1: Tnit W: tanh: JV( #). relu: A/ (2). uppose we have access to Pxy then opt. sol.:
Gell. Err.: L(fD;]P)X’Y) == EX’Y l(f ( ) ) Nip+No, Nin Reg, (SE) f( ) E[Y | X = x], Y = f* (X) +8

o A LLN 7 medium: FNR/FPR]; 7 big: FPR/TPR | GD: 11 piecewise const. . or w/ momentum. o
Test Err:: 1, X/(f(x).) = L(f:Pxr)  AUROC: Plot TPR(1-FNRY/FPR, with diff. © Prevent Overfiting: » Dropout(Eval i — wp) 001 /() = Prix(¥ 7 senf(X).» = ev*(x
For E[Gen. Err.]: D = Dyyin ¥ Dyal ¥ Dieg F1-Score: ——2—— want both large. GetP(Y | X) from P(X,Y), b.ut not vice versa.
Dy, is used for independent model selection. tecall T precision Naive Pyxy Est.: Kernel density est./histogram

K-Fold CV: Dyin, Dyat ™5 2, . ™ fioromia Compllalion (Eom B = o) Parametric Models for Pyy

Worst-group GE: sup, E‘?x 3 L5} Best of distribution family &2 = {Pxy; 6 € O}

* Regularization * Normalization ¢ Early Stop

CNN and other architectures

CNN-Formulas: Chan., Ker. size, m = #Ker.

. Dy N _ i+2P—K;
Domain-shift GE: Accurate on data ~ Dieg. Dim: f(W)x f(H) x m, £(i) s %.—1 MLE: Likelihood: p(D;0) =[] p(x;;0) with
its estimator Oy g = argmaxlog p(D; ).

Bias-Variance Tradeoff
E[Gen. Err.] = Bias” + Variance + Noise :
E[L(foi Pxr)] = Ex[(Ep[fp(X)] — £*(x))?] Adversanially robust: Bisy) Subrero) 5} AL
+Ex[Ep[(fp(x) —En[/p])*]] + o> = Kernel Tc ResNet: v+ =) 4 r(v()) w/ skip conn. Discriminative p(x,y) = p, z)
Bias: Diff. of average model Ep|[fp] to f*. Aswelm(®') =w=> o Kij = k(xi,x;). Clustering / K-Means Problem Ex. Reg. X ~ A (i, 1), Py, = A (W' x, 1):

Variance: Diff. of some model f to Ep|fp). Conditions for a valid kernel functiTon k: Problem.: Minimize Zmin]e[k [ 1. fimee = 1 ¥ x; as sample mean for Py.
Regularization  klx,2) = k(z,x) « Kpsd s.t. ¥x. x Kx >0 Lloyd’s heuristic: 1. Init . Assign x; to 2+ WMLE = argmin ¥ (y; — w'x;)? for Py e
. Want to find map ¢ s.t. k(x,y) = (¢(x),9(y)). ¥ K2 gh X 3. plx,y) = plxfivie) - pO | X omLE) ’
Lasso: argmin(|[y—Xw|[3+A|lw|[i)) A€R Inner Product kernel: k(x’ )= h((x ’>) closest it 3. Set it; as mean of assigned points. - P*+Y X HMLE) - PLY | X5 WMLE
Ridge: argmin(||ly—Xw|3+2|[w|3) A€R BN > Conv. to local opt (exp.). &(nkd) per iter. Ex. CL X ~ A (1,1), p(y | x;w) = o (yw " x).

m d+m
With closed form: w = (X "X +AI9) 71X Ty, Poly ker.: k(x,2) = (cz0+(x.2)". dp = (") K-Means++: i = x; with i ~ % {1,..,n}, 1- 4 = fivLe 2. omiE = argmin Y giog (yiw ' x;)

e Params: p= (Ky -Ky-C+1)-m, +1= Bias
Pooling Layers: Pool units to decrease width.

Thus A = bias /‘ and variance \. RFB kernel: k(x,z) = exp (Hx ZHZ) whichis (hen given p.;, pick [Jj + 1 = x; with prob. Generative p(x,y) =
Gaussian : o =2, Laplacian : & = 1. dy = () o min;; ||x; — 1”)||3. &/(logk) opt. sol. Setup Ex. ¥ ~Cat(x), Py, 3, ~ A (ty, Zy)
Zero-One Loss: o l(f (x),) = H{yaésngnf( ) Kernel Composmon ski+hkyec-k(c>0) pick k by heuristics, regularization, etc. with 7 € II,E, € Sand y € {1,2}.

ag_1: 1(9,y) : erplymrye1 +ernLmm 1y k(). (Y)) =ki(x xX) +ha(yy) Dimensionality Reduction Gaus. Naive Bayes X, = diag[o; y17 0

A Py . 1 2 T

Prop. I(f(x),y) = g(yf(x)): * = conv. « diff. Kernelized Rldgel ally — Kol + Ao Ka w* = argmin, [w] _1 Xl lx —WZi||% L[7]j=p;j= Hr 71} 2.0y = #{Y:y} Liry—yXi

* 0 if y =7y * robust to noise ® —+-Grad fory % The final model is f(x) = &T[k(xi,x)]i. . T e T 3. 2 w/ MLE.

Ex tial 1 . 2 — —yf(x) N IN Kk ;=W X = W = argmlnHsz 1w Xw Gyk TTyTZ’)’t_y( ik — H,yk) AW
ponential loss: gexy (v/(x)) = e C) CUNIEPN O Withr =1 h 1 GNB performs better for small sample sizes.

isti : flx)) = —fx %)) Activation Function: ¢ (x;w) = o(w'x) ithZ = ¥,;xx; as the empirical covariance
Lf)glstlc Loss: glogﬁyf (x)) lczg(l te exp(c)—exp(—2) ’ matrix (assummg i = 0). Solution given by Has correct uncertainty for big samples. If iid:
Linear loss: gin(y/ (x)) = —f(x) * tanh: exp(z) Fexp(—2) relu: max{0,z} * 0(2) principal CV of X. (= max. empirical var.) y = argmax p(y | x) = argmax p(y) [1p(xi | ).

Cross Entropy: —log(e/™ /¥« jace*®))  Universal Approx. Thm.: Ve, 3neural net-
Softmax: [softmax(f(x))]; = ¢/ /¥, e/c®)  work that approximates any function within &.
Logistic/Sigmoid: o(z) = 1/(1+e7%)

PCA problem (k> 1): w —Wst. W W =1, GBC/QDA Same as GNB, less restrictive:

W = [v1]...|vk] the k-first eigenvectors of X. £ = #{y_y} Tiyimy (6 — fly) (i — ) T
Linear Dlscrlmlnant Analysis: Vy: 0, =0



Bayesian Modeling Soft-EM Simple transformer (decoder only) Density of ./ (u,X):

Ass. data iid. from P, g with prior distribution E-Step: Calc cluster membership weights: ~ Computational Model: Z) = XW, + W, with p(x | i, 5y) = e
0 ~ Pg. Then p(D) = [p(D | 6)p(0)d6. y( ) =p(Z=j|x,Z,u,w)= 2iPGilZl) X — (s xo) € RPN and W, is (learn- Y (am)? (dets,) 2

YETTIEN

MAP: Posterior: p(6 | D) = % & M- Step Fit cluster to weighted X; [(ML[ )l able word embedding matrix), W), is a (fixed) Shortcuts, Tlps and Tricks

6 = argmaxlog p(6 | D) = argmaxlog p(D, 6) w.’ Lyn ) = iy () position embedding matrix, Z = transformer Covariances and PCA: Lyr ol =1xTx.
i=11j j

| (= uszy (x—py)

Ex. Reg.: yi=w'x;+&, w~ (0,621, ¥, 7 (s)  blockand P = softmaX(ZnWeT): . LetA; >...> ;>0 denote eigenvalues of
e~ N (0,1), Z ={Pyx,, = A ({(w,x),1)}. s _ Ei 7 () (lll)](l))( =) (Self—)AttentlonHIIearn to predlctawlelghted, %X X (spd/sym) and o; denote i-th singular
Wmap = argmin 5||y — Xwl|3 + WHWHZ ’ Lic vy () directed graph. z; Lj=1:48C0re; ;v ;. SCOTe yajye of X, then A; = 62/n. L(k) = YA

. sy Hard-EM props. + variance — 0 = k-means. measures dlrected similarity of word i to j. ¢ Cov(X,Y) > 0, then data: *, < 0: /.
= ridge sol. If p(w) = fe ow laplacian then CV for j, maximize log-likelihood on val set. Self-attention needs both sides to be the same COV( e Y) —F (( X — E( X)) (Y . E(y))T)

WMAP = argmiHZHy XWHz (;]WHWHI EM for SSL phrase Each word has a “key” vector k;, a V(WX; wyowT

which is the lasso sol. — I@Y x = Pyixanee.  E-Step: Forx; with label y;: 7’( )(x,) =Ij= vt “query” vector g; and a “value” vector v; all pyace Tr: o Linear o Tr(ABCD Tr DABC
| | sSWMAP J

Bayes. Model Avg: Gives distribution of f*: GM Bayes CL: 1. I?St Py 2. Est.p(x | y) via predicted. Then we can add masking, such . 14y =y 2, e Tr(XX ") = ¥, ; X, SXE=1X113
Py | x:D) = Egipp(y | x:60) ]C;MM 3. EI:?()’ | 12 = gpl(yzip(x | _y)I;/d _ that only ait;ef‘i tf)efl’;zc()e)dlng words (adding yo nels: Valid: « o2 ekt ) -cos(x y)

= [or(y|x;0)p(0 | D)d6 ensity Est.: Anomaly detection/data impu- 7%,; = — 11 J > 1, . o min(xy) | .

Decision Theory tation. Compare est. density of x; against score; j = q; kj o< exp(qik; /V/i-+mij) min(x,y) * max (x,y) g(0k(x,y)g(y) Invalid:

. Xy exp(gik  //di+m; jr) e max (x, k any poly. ¢ cos(x+
Decision rules a : X — A, with A as action set threshold 7 (CV) — control estimated FPR. ’ ' (.3) + flk{x,7)). f any poly. ( y)

> A, : ' isc) MLE: * j =L e Ry = .
Find a*(x) = argmin B[/(a(x),y) | X = x] General EM Z' .= softmax ( A —i—M) V. (SM rowwise) Ppoi = Ly exp = Pgeo = le

(Y ’ X): E: expected sufficient statistic, M: MLE Right of o< is the normalized scaled dot prod- e p;, = 1 Py Mz 6y = 1 ):(xi . M/V)

Applications of decision theory w/ P°

*Reg. SE: f(x) = argmin, B[(Y —a)? | X = x E'St?P: .Calculate th? expected complete data uct attention, to remove O—gradienFs. - KL- Dlvergence Divergence between refer-

— E[Y | X =] * 0-1: §(x) = argmax, p(y | x) 108 likelihood (function of 6): - Multi-Head Attention: Use multiple queries, ence distribution P and another distribution Q.
. ’ y .ot-1)y — t—1 : o r(X)

— argmin, £[Lzy | X = 2] * a0-1: Boundary 0(6;06 ) =Ez[logp(X,Z|6)|X,0"""] keys, values for each word (Qy, K, V;) each in Dir(P || Q) := Ex.pllog Fx )]

P g

_v\. . — kxd, .
7(x) 0 T(x) = %« Abstention 0-1: with =YY, Yu(xi)logp(xi,zi | @)  R™%. Then concatenate to get single output — [ p(x)log 2l

A= {—1,4+1,r} and 1(3,y) = sy Lyper +.CHyA:r W/ 1:(x) = p(z] x,0171), depends on 61" 1. Z € Rk.X(h'dV)‘ .
obtain §— rif ¢ < ply — 1 |x) < 1 —c. M-Step: Max. () = argmax, Q(0;6¢~1). In reality “tokens” are used instead of words
Summary (Gen. Classification) Equivalent to train a GBC with weighted data. (e.g. BPE: byte-pair en‘codlng)‘. Text gener-
1. Est. p(y) 2. Est. p(x | ) 3. Obtain p(y | x) Each EM-iteration increases data likelihood. ated from LLMs often is not directly useful,
6 EM-Init: w unif, & k-m++, X spherical (§*) need "RL from Human Feedback”.
¥ = argmax, p(y | x) e
= argmax, log p(y) +log p(x | y) Degeneracy: Loss — —coas L —x,6 = 0.
i Thus add V21 to covariances (v by CV). Same Convexity:
as adding a Wishart prior on X and calc. MAP. 0. f(Ax+(1—2)y) <Af(x)+(1—-21)f(y)
We assume p(x | 0) =¥ w; ¥ (x| i}, ;) and Generative Modeling with NN 1. f(y) > f(x)+ (VF(x),y—x)
thus the optimization problem is defined as Model word X; € [N] as categorical variable. 2. D?f(x) > 0 (psd)

argmin — Y log ¥, w; A (x; |, %)) Sent i X\ N1 . i
Fitting 2 GMM = GBC without labels. p(Sentence) = p(X, ..., Xim) param. e of+ fg, o, B > 0 convex if f,g convex.

Key idea: Estimate conditional distribution: ¢ fog convex if f convex, g affine or f non-
E-Step: Predict molikely class for each x; (X = x| X1y = X1-1) decreasing, g convex.
o 1 " ~PX = x| X ki1 = X1—k2-1,0) » max(f,g) convex if f,g convex.
5 = argmax p(z|x, 6 ) := Cat(x | softmax(f(xi—,0))) Derivatives (Denom. lay.): « £Ax=A"
= argmax, p(z | 0U~V)p(x; | 2,00~ 1) With f as NN with params 6. Use CE-Loss: ¢ 9 ,TA —Ae 2 —0o 2 xTa — 94 x—a
M-Step: Compute MLE as for GBC. L(8) =Y, 10gP(X, = x | X,_jer—1 = Xr—ks_1,0) dx ox Ix Ix

« LbTXx=AThs SxTAx=(A+AT)x

Uniform wj, identical spherical X ; = k-means Gelf-supervision: Use next word as label.
P '%xTx:bc'%\]y—Xx]@:ZXT(Xx—y)
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