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1 Real numbers, euclidean spaces

Archimedes’ principle. If x € R with z > 0 and y € R,

then In e N (y < n - )

Thm.
(i) |zy| = [x[ly]

(iil) |z +yl < [z] + [yl

(iv) [z +y| = [[z] = [yl

(i) || >0 VzeR
Ve,y € R
Vz,y € R
Vz,y € R

Young’s inequality. Ve > 0,Vz,y € R:
2, 19
20yl < ex” 4+ -y
€

2 Sequences

2.1 Convergence

(@n)n>1 converges to L = lim,,_,o ay,

<= Ve>03INeNVn>N (la, — L| <¢)

Def (Convergence). (a,)n>1 converges
<= JLeRVe>0 ({neN|la, — L| > ¢€}) is finite.

Hint. Let (an)n>1, (bn)n>1 converge with limit a and b:

1. (an + by)n>1 converges with limit a + b
2. (an - by)n>1 converges with limit a - b.
3. (§*)n>1 converges with limit ¢

4. K >1Vn>K :a, <b, — a<b

2.1.1 Tips & Tricks
e a, convergent —> a, bounded
e a, convergent <= a, bounded and

liminf a,, = limsup a,,

Monotone Convergence. (a,),>1 monotone increasing
and upper bounded = lima,, = sup{a, | n > 1}
(@n)n>1 monotone decreasing and lower bounded =—
lima,, = inf{a,, | n > 1}

Lemma (Bernoulli Inequation).
I+2)">14+nx VneNz>-1

Def (Limit inferior / Limit superior).

e — lim (i S
lzrgloréf an, nlgrolc(mf{ak | k> n})

limsup a, := lim (sup{ay | & > n})
n— oo n—roo

Cauchy Criteria. a,, converges iff Ve > 0 AN > 1 s.t.
lan, — am| < € Vn,m > N (cauchy sequence).

(i) Each Cauchy sequence is bounded
(i) (@n)n>1 conv. = (an)n>1 cauchy
(iii) (an)n>1 cauchy = (an)n>1 conv.

Bolzano-Weierstrass. Each bounded sequence contains
a convergent sub sequence.

Sandwich. If lima, = «, limb, = o, kK € N and
an < ¢, < b, Vn >k, then lime¢, = «

Cauchy-Cantor. Let Iy O I, O ---I,--- be a sequence
of proper intervals with £ < 400, then (), In # 0. And
if lim,,— 00 £(I,) = 0 then |ﬂn21 I|=1 —

Cor. Let (a,) be bounded, then for each subsequence (by):
liminf a,, <limb,, < limsupa,.

FEach subsequence (b,) of a convergent (a,) converges
and lim b,, = lim a,,.

3 Series

Def. 7>"77 | ax” converges, if the sequence (S,),>1 of par-
n

lim > ag

(o]
tial sums converges and > aj := lim S, =

k=1

Thm. 377 a), and Y277, b; convergent:
o > ko (ak +br) = 2kl an) + (g2 be)

i Ziila'ak=042§°:1ak

Couchy Criteria. ) .-, a; conv. <= Ve>03IN >1:
IS0 ak| = |Sm — Sn| <eVm>n>N

o0
Zero Sequence Criteria. ) aj conv. = limay =0
k=1

Comparison Theorem. Let > 2, ax, Y pe by series s.t.
0<ay <b., Vk>1

o0 o0
E by, converges — E ap Converges
k=1 k=1

o0 o0
Zak diverges — Z b, diverges
k=1 k=1

Thm. Let > .7, aj be a series with ay, >0 Vk € N*

(oo}

Z converges <= (Sy)n>1 upper bounded

k=1
Def (Asolute Convergence). Y 7o | aj absolute converges if
> re |ak| converges.

o0 oo
E |ag| converges = E aj converges
k=1 k=1

o0 o0

Z ay, converges % Z |ag| converges

k=1 k=1
(Dirichlet) If a series converges absolute, then each per-
mutation of the series converges with the same limit.
(Riemann) If a series only converges, then there exists a
permutation such that:

(o)
Za¢(k) =z VzreRU{co}
k=1

Thm.

)
D
k=1

oo
<> lal
k=1
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Leibniz. (a,) mon. dec. s.t. a, > 0VYn > 1 Alima, = 0:

oo
- Z(—l)’”’lak converges.

k=1
Furthermore: a; —as < S < a;

Ratio Test. Let (a,)n>1 with a, #0 Vn > 1:
hmsup% <1l = >>,
n—oo

llmlnfla”+|1| >1 = >

n— oo

a, converges absolute.
1 an, diverges

lantal _ 7.

Lemma. lim,,_, Tas]

e L<1 = Y
e L>1 = Y%

e =1 = no information

ne1 On converges absolute.

ne1 On diverges.

Root Test. Let (an)n>1 with a, #0 Vn > 1:
hm DD Ylan| <1 = >°°° | a, converges absolute.

hmlnf\/|an| >1 = > an, )

Lemma. lim, . V/|a,| =
e L <1 = >, a, converges absolute.

e L>1 = >,
e .=1 = no information
Def (Cauchy Product). Y 2, @i, Y iep by

3=0
Z (Z an—jb;) = agbo + (aghr + a1bo) +

n=0 j=

1 lan| diverge.

a, diverges.

(apbe + a1b1 + azby) +

Thm. Z a;, ¥ bj conv. abs. = Couchy prod. conv. abs.:

i=0  j=0

oo o0 o0 oo
(S = 3Dt = 3> iy
n=0 j=0 i=0 j=0 =0 i=0

Hint (Strategy: Convergence of Series).

1. Check for known types. Telescope, Geometric, etc.
2. lim|a,| # 0 = divergence
3. Ratio Test

4. Root Test
5. Search convergent majors: 0 < a, < b,
6. If divergent minors = divergence

7. Be creative
4 Functions
D ={f:D—R| fis function}, (RP;+,-) is V.R.
4.1 Continuity

Def (Continuity). A function f is continuous in zg if:

Ve>030 >0Vx €D (Jr—zo| <6 = |f(z)— f(zo)| <€)
<—
V(a,) with nhﬁrréo ay = To : HILII;O flan) = f(Jggo an) = f(xo)

Def. A function f : D — R is continuous if it is continuous
inall zg € D

Hint. To prove continuity try to filter |z — 2| out of
|f(z) — f(xo)| and choose 0, such that the rest term dis-
appears. Be aware that ¢ is part of € and normally |zg| as
well. But not z!

Cor. f,g: D — R continuous in xqg € D. Then:
o fg, \f, f £ g continuous in g
o 5 :D\{z €D | g(x) =0} = R continuous in xo (if
9(xo) #0)
o |f|,max(f,g), min(f,g) continuous in xg
o P(x)=apz"+---

o gg;g continuous on R\ {x1,- -

roots of Q(x)

Thm. Let f: Dy - D2 C R,g : Dy — R be continuous
= go f:D; — R continuous.

+ ag continuous on R

,.'Em} ifxla"' , Im are

Bolzano (Intermediate value theorem). Let I C R,
f I — R continuous and a,b € I. For each ¢ between
f(a) and f(b) there is a z € [a,b] with f(z) =¢

Min-Max. Let f: I = [a,b] — R be continuous.

Ju,v eIV el (f(u) < f(z) < f(v))

In particular f([a,b]) C [f(w), f(v)] is bounded.

Cor. I =a,b], f: I — R continuous, then Im(f) = f(I)
is a compact interval J = [min f, max f] = [f(u), f(v)]

Inverse Mapping. Let f : I — R be continuous and
strict monotone increasing. Then J := f(I) C R is an in-
terval and f~!: J — I is continuous and strict monotone.

4.2 Exponential function
exp : R —]0, ool is continuous, strictly monotone increasing,
surjective.

e exp(z)>1+x VrelR

e For x > 0,a € R: 2" :=exp(alnz)

ez'=1 V>0
Def. The inverse mapping of exp(z) is called the natural
logarithm:

In:0,0[—= R, z—Inz

It is strictly monotone increasing, continuous and bijective.

4.3 Converge of function sequences
N—=RP={f:D—=R}, nw f(n)

Def (pointwise convergence). (fy)n>0 converges pointwise
to a function f: D - R, if Vo € D : lim, o fn(x) = f(2)

<~

Vez e DVe>03N €Nst.¥n> N (|fu(z) — f(x)] <€)

Def (uniform convergence (Weierstrass)). f, : D — R con-
verges uniformly in D to f: D — R if:

Ve>03N >1st.Vn>NVeeD (|fo(z) — flx)] <€)

<~

lim sup |fn(x) — f(z)] =0

The function sequence (fy,) is uniformly convergent if for

all x € D the limit lim, o fn(z) = f(x) exists and the

sequence ( f,,) uniformly converges to f. Furthermore if

Ve >03IN >1Vn,m>NVzeD:|f(x)— fm(z)] <e
The series > -, fn(x) converges uniformly (in D), if

the function sequence S, (z) := >_;_, fx(x) converges uni-

formly.



Thm. let D C R and f, : D — R a function sequence
containing (in D) continuous functions which converge (in
D) uniformly against a function f : D — R, then f (in D)
is continuous.

Hint (not uniform convergent). (f,,)n,>0 converges not uni-
formly if: Ve > 0 VN € N 3z € D(|fn(x) — f(z)| > ¢€)

Hint. Check the function and try to construct z (depen-
dent on N in general), such that |f,(x) — f(x)| is always
greater than a specific € and afterwards choose the e.

Def (Power Functions). > ;- c,z® has positive conver-
gence radius if lim sup {/|cy| exists.

k—o0

+00

, if limsup &/|ex| =0
p= k—o0
- 1 L1 k

———— | if limsup{/|ck| >0
li]i'nsup\k/|ck\ k—><>op | k|
Thm. Let ZZOZO cxx® be a power series with positive con-
vergence radius p > 0 and let f(z) = Y ;o cra®, |z] < p
Then: VO < r < p converges Y ,o,cxx”® uniformly on
[—r, r], furthermore f :] — p, p[— R is continuous.

4.4 Trigonometric Functions
sin and cos are continuous functions R — R

o0
2’3 25

sinz:z—a—i—ﬁ—n.zzm

=0

( 1)n 2n+1

22 A o0 ) z2n
Cosz—l—a—i———- Z
n=0
Thm. 1. exp(iz) = cos(z) +isin(z) VzeC
2. cosz = cos(f ) und sin(—z) = —sin(z) VzeC

ei* 4%
2

sin(z) =
4. sin(z +
cos(z +
0s(2)? +sin(2)2=1 VzeC

=, cos(z) =

= sm(z) cos(w) + cos(z) sin(w)
) = cos(z) cos(w) — sin(z) sin(w)

Cor.
sin(2z) = 2sin(z) cos(z)

cos(22) = cos(z)? — sin(z)?

sin(x) — sin(y) = 2sin (”f;y) (x;y)

Def (7). m:=inf{t > 0| sint = 0}

(i) sinm =0, 7 €]2,4]

(ii) Yz €]0,7[: sinz >0
(i) eF =i
Cor. xzsinxzx—fg—? Vo< x <46
Cor. 1. €7 =-1, e?im =1
2. sin(x+35) = cos(z), cos(zx+F)=—sin(z) VreR
3 bm(a:—|—7r) = —sin(z), sin(x+27) =sin(z) VreR
4. cos(x+m) = —cos(x), cos(z+2m)=cos(z) VreR
5. Roots of sinus ={n-k | k€ Z}
sin(x) > 0 Vo €)2km, 2k+ 1)n[, ke Z
sin(z) < 0 Vo €]k + 1), 2k + 2)n[, k€ Z
6. Roots of cosine = {5 +k-m | k€ Z}
S+ @k+)rn[, keZ

cos(x) > 0 Vo €] — § + 2km,
(

cos(x) < 0Vx €]-F+(2k+1)m, -5+ (2k+2)n[, k€ Z

4.5 Limit of Functions

Def (accumulation point). xo € R is an accumulation point
of DifVé > 0: (Jug — 0,20 + 0[\{zo}) N D # 2

Def (Limit of Function). if f : D — R,zo € R an accu-
mulation point of D, then A € R is the limit of f(z) for
x — T, written as lim, ., f(z) = A. If Ve > 0 3§ > 0 s.t.
Ve e DN (Jzg — d,xz0+ 0[\{zo}) : |f(z) — Al <e

Important Rules. Let f: D — R and zg is an accumu-
lation point of D.

1. lim f(z)

= A < V(ap)n>1 in D\ {zo} with
Tr—rT0o -
lim a, =29 = lim f(a,) = A.

n—oQ n—o0
2. Let z9 € D. Then f is continuous in zg
— lim f(z) = f(zo)

3. f,g: D —=Rand 3 lim f(z),3 lim g(z) =

r—xo rT—T0o

lim (f +g)(z) = lim f(z)+ lim g(z)

T—Tq T—TQ
Jim (- g)(z) = lim f(z)- lim g(z)

4. f,g: D — R and f < g, then if both limit exists

lim f(z) < lim g(x)

rT—rT0o rT—T0o

5. If g1 < f < g2 and lim g1(z) = lim go(x) then
r—rxo

T—>T0
i ) = R el

Hint. Sometimes it can be really helpful to convert known
functions to their power series to calculate a limit. E.g.

z3 2
BTt —hm1—3—+ =1

z—0

I sin(x) _ T
z—0 T x

Hint (€!°8). Transform ugly function with this trick.

lim f(z)9®) = lim 9(®)loa(f () _ (alf, 9 108D

T—xQ Tr—xQ

5 Differentiable Functions

Def (Differentiable). f is in z( differentiable, if the limit

lim,_, 7(13_5(“) = limy,_, 7f(m°+h) Fzo) — g1 (z0) exists.

fis dlfferentlable if Vg € D fis dlfferentlable

Weierstrass. f : D — R, zp € D accumulation point.
Equivalent statements:

1. f is in x( differentiable
2. Itexistsc€ R (c= f'(z

2.1 f(z) = f(xo) + c(z — zo) + r(z)(z — o)
2.2 r(zg) = 0 and r continuous in .

0)) and r: D — R s.t.:

Cor. f diff. inxg = [ continuous in xg

Thm. f diff. in xy <= J¢: D — R continuous in zg s.t.
Vo € D: f(x) = f(zo)+(x)(x—x0). Then ¢(zo) = f'(x0).



Derivative rules.

Linearity: (- f(z) + g(x)) = a - f'(z) + ¢'(x)
Product rule: (f 9) "(z) = f'(z) - g(z) + f(z) -
Quotient rule: (5) () = () g(‘?(w)f(z) 9'(x)

Chain rule: (fog)'(z)= f'(g9(z)) - ¢ ()

Cor. f bijective and in xo differentiable s.t. f'(xg) # 0.
1 is continuous in yo = f(xg). Then f= is differentiable
in yo and (f71) (%) = 7iey = T TN

5.1 Derivative Implications

g (x)

1. xg is local minimum if f'(xg) = 0A f”(x¢) > 0 or the
sign of f’ changes from — to +.

2. x is local maximum if f'(z¢) = 0A f”(z¢) < 0 or the
sign of f’ changes from + to —.

xg is local extremum if f'(z9) = 0A f"(x9) # 0
xo is a saddle point if f/(x0) =0 and f"(x¢) =0
o is a inflection point if f”(2¢) = 0 A &) (29) # 0
f(@o) = fP(wo) = ... = f™(wo) =0
6.1 n odd and f("*V(2y) > 0 = = strict local
minimum

6.2 n odd and f(*V(zg) < 0 = 2 strict local
maximum

S ot W

5.2 Derivative Theorems

Rolle. Let f : [a,b] — R continuous and in ]a, b] differ-
entiable. If f(a) = f(b), then there exists & €]a,b[ with
[ =o.

Mean Value / Lagrange. Let f : [a,b] — R continuous
and in ]a, b] differentiable, then there exists £ €]a, b[ with

f(b) = fla) = f/(€)(b—a).
There exists points £ with f'(£) equal to the gradient
of the secant between a to b.

Cor. Let f,g: [a,b] = R cont. and diff. in ]a,b].
1. V€ €la,bl: f'(§) =0 = f is constant

2. V¢ €la,b: f'(§) = ¢'(x)
f(@) =g(x) +c

= Jec € RVz € [a,}] :

3. V¢ €la,bf: f1(€) >0 = [ in[a,b] mon. inc.

4. Y€ €la,b: /(&) >0 = f in[a,b] str. mon. inc.
5. V€ €la,b: f'(€) <0 = f in [a,b] mon. dec.

6. V¢ €la,bl: /(&) <0 = f in [a,b] str. mon. dec.
7. 3M > 0 V¢ €labf: |f/(€)] < M =

V1,22 € [a,b] : |f(z1) — fz2)] < M|z1 — 2|

Cauchy. f,g : [a,b] — R continuous and in ]a,b| diff.
Then there ex1sts €la, b] with
g'E)(f(b) - f(a ))Zf £)(9(b) — g(a)).
If Vo €]a,bl: ¢’'(x) # 0 it implies that g(a) # g(b) and

[0)—1a) _ F€)
9(0)—g(a) — g'(&)
I’Héspital. f,g :]a,b[— R diff. with Vz €]a, b[: ¢'(x) # 0.
If lim f(z)=0, lim g(xz) =0 and

z—b~ T—b~

i F@) ] i L@ £ (x)
IIE{,E O A\ exists, then Illgli 5@ = :vligl* IOk

Hint. Only use 'Hospital if either % or 2!

Def. 1.

fOz+ (1= Ny) (<) < Af(x) + (1 =N f(y)
2. concave: (r < y):
fOz+ (1 =Ny) (=) = Af(z) + (1 =N f(y)

Lemma. f: I —R. fis convex <= Vg <z <z €1:

f(x; wém“) < @ xf i 2) . Strictly convez if <.
Lemma. f :|a,b[— R diff.

o f/ (strzctly) mon. inc. = f (strictly) conv.

o f'> 0= f conv. (< / < for conc.)

5.3 Higher Derivatives

1. Forn > 2is f n-times differentiable in D if f(»~1)
in D is differentiable. Then f := (f(=D) and is
the n-th derivative of f

2. f is n-times continuous differentiable in D if f
is n-times differentiable and if f(™ is continuous in D

3. fisin D smooth if Vn > 1, f is n-times differentiable.

Smooth Functions. exp, sin, cos, sinh, cosh, tanh, In,
arcsin, arccos, arccot, arctan and all polynomials. tan is
smooth on R\ {7/2 + kr} and cot on R\ {k7}

Thm. f,g: D — R are n-times diff. in D.
L (f4g)™ = f) 4 g
2. (F-9) =Sy (1) f Dy
3. (90 )™ (@) = 24—y Ank(@)(9™ o f)(x) with Ay, x as
polynomial in the functions f/, f), ..., f(r+1=k)
5.4 Power Series and Taylor approximation

Thm. Let f, :]a,b] be a function sequence with f,, one
time in ]a, b[ continuous diff. Vn > 1. Assume that (f,,)n>1,
(f1)n>1 uniformly convergent in ]a, b[ with lim,,_, fr, =: f
and lim, o f}, =: p, then f is continuously diff. and f’ = p.

Thm. Let Y .-, cxx® be a power series with convergent
radius p > 0. Then f(z) = > pe, ck(z—x0)" is differentiable
on |zg — p,xo + p[ and Vo €]xg — p,xo + pl:

(@) = Yokl ker(z — w)*
Cor. ‘(f)' = Zio_] ckﬁ(:ﬂ —x0)k=9. Furthermore
cj = £ ( o) Power series can be differentiated part by part

in their converge area.

The n-th Taylor-polynomial of
Tn (f7 Z, CL)

Def (Taylor Polynomial).
cont. n+ 1 times diff. in [e,d] f is defined as
with center a €]c,d[ and error R, (f,z,a).

Vz € [a,b] 3 €]z, a[ U ]a, x| :

") (g
nhan = T -0
f(n+1)(€) n+1
Rn(f,z,a) = ﬁ(ﬂc—a) *
f(x):Tn(f7xva)+Rn(f7xaa)

Hint. The error can be approximated as

() (@ — o)t
R, (f,z,a)| < su
| (f, 2, a)] s (n+ 1)
ios =y [ Do) ok
Def (Taylor Series). Too(f,,20) == > g == (T —20)



6 Riemann Integral
a<b,I=][ab],P(I)={P|PCIA{a,b} € PA|P|eN}

Def (Partition). e Partition: P € P(I)
[ 51 =T — Xi—1 length of Il = [Ii_l,l'i], ) Z 1
o Mesh of partition: 6(P) := maxi<;<n(®;, Ti—1)

L4 5:: {513"'7§n}7 51 GIi
o P’ refines P if P C P’

S(£.P.8) = 2imy [(&) - (@i~ wi)
e Lower sum: S(f,P) := ;($2£ f(@)(z;

Def (Riemann Sums).
—T-1)

n

e Upper sum: S(f, P) := > (sup f(z))(z; — 1)

It holds: —M(b—a) < S(f, Pl):;%(lf, P)<M(b—a)
Lemma. P C P': S(f,P) < S(f,P") < S(f,P") < S(f,P)
Lemma. VP, P, € P(I): S(f, P1) < S(f, P»)

Def (Lower Riemann Integral). S(f) :=suppep(r) S(f, P)
Def (Upper Riemann Integral). S(f) := infpep(p) S(f, P)

6.1 Integrability criteria

Def (Integrable). Bounded f : [a,b] — R is integrable if
S(f) = S(f) and the shared value is [ f(z) dz

Riemann Criteria. Bounded f : I — R is integrable.
Let Ps(I) :=={P € P(I) | 6(P) < d}.

& Ve>03PePU):S(f,P)-S(f,P)<e

& VYe>030>0VP e Ps(I):S(f,P)—S(f,P) <e
& Ve>030>0VP e P with 6(P) <0:

n

A= f(&) (s

i=1

Hint. Bounded f : [a,b li S(f, P.
int. Bounded f : [a, o (f, P,€)

exists for all P with §(P ) = 0 It follows that

lims(py—o S(f, P,€) = [ f(=

= xi_l) <€

| — R is int. if

6.2
1. f (bounded) cont. in [a,b] = f int. over [a, D]

Integrable Functions

2. f monotone in [a,b] = f int. over [a, b]

3. If f,g bounded and int., then integrable as well:

f—|—g,)\-f,f-g,|f|,min(f,g),max(f,g),5

4. All polynomials are integrable, even SEB if Q(x) has
no root in [a, b]

Hint. Let V := {f : I — R | f is a mapping}. (V,+,-) is
a vector space. Then it implies that

W :={f:1—R| f is integrable} is a subspace of V.
6.3 Integration Inequalities and Theorems

Def (Uniform continuous).

Ve>030>0Va,yeD:lz—y|<d = |f(z)—f(y)| <e

Thm. f:[a,b] — R cont. = f is uni. cont. in [a, b].

Thm. f uni. cont.

Thm. f,g:[a,b] &> R bounded and mtegrable and
Vo€ [a,b]: f(2) < g(2) = [} f(z)dz < [} g(x)

([ rre[[

Hint. < f,g >:= f; f(x)g(z) dz is a scalar product.
I =< £, f >= [, f*(z) dz

Mean Value Theorem. f : |
3t (0] 7 f(@)dz = FE)® - a)

Cauchy. f,g: [a,b] — R with f continuous and g bounded
and integrable with g(z) > 0, Vz € [a, b]

= f cont.

Cauchy-Schwarz.

x) dx

a,b] — R continuous =

— Fecla: / f(@)g(@) do = £(€) / o(x) dz

6.4 Integration Properties

Additive Property.

/abf(q:)dx:/:f(x)dar—i—/cbf(x)dac

Linearity.

b b b
/(af1+ﬂf2)dfc=a/ f1<x>dx+ﬁ/ fol) da

Preservation of Order.
b
/ 9(x) dx

Vz € [a,b] : f(z) < g(z) = / flx)dx <

Triangle Inequality.

b
2)ds| < [ |f(a)|do
6.5 Primitive Functions

Def (Primitive Function). F : [a,b] — R is a primitive
function of f if F is cont. diff. and F' = f.

Hint. f is integrable - exists a primitive function for f.

HID. Let a <b, f : [a,b] — R continuous. The function

) :/zf(t)dt a<z<b

is cont. diff. in [a,b] and F'(x) = f(z) Vx € [a, b].

Fundamental theorem of calculus. f:[a,b] — R con-
tinuous. Then there exists a unique (except a constant
term) primitive function F of f, such that

/abf@)dx

F(b) — F(a).



6.6 Integration Methods

Partial Inegration.
/ " f)dl (@) dz = FB)g(b) - . /  (@)gla) da
/ f@)g (@) do = (£ - g)lt - / fe

/ f(@)g' (@) dz = - / f'@)e(e) deo

e Choose ¢': exp — trig — poly — inverse trig. — logs
e Choose f: logs — inverse trig. — poly — trig — exp

e Sometimes it is necessary to multiply by 1. E.g.:
fInz de= [Inz-1 dv = f(z) =Inz, ¢'(z)=1.

e Sometimes it is necessary to do it multiple times

Substitution. Let a < b, ¢ : [a,b] — R, cont. diff, I CR
with ¢([a,b]) C I and f: I — R a cont. function. Then it

follows:

/ = [ 16 = (Fog)(b)— (Fod)(a)
¢(a)

since F' = f then f(¢(t))d'(t) = (F o ¢)'(t).

Partial Fraction Decomposition. Let P(z), Q(z) be

two polynomials. [ g(g can be calculated as follows:

1. If deg(P) > Q(P) = poly. div. 5t

(2) Q(x)
2. Calculate all roots of Q(x)
3. Create a partial fraction per root
e Simple real root: x; — Azl
e n-fold real root: 1 — — Il +...+(mf‘7;1)r
e Simple i-root: z? + pxr +q — m;“f;frq
o n-fold i-root: 22 +pzr+q — ;;f;ﬁz +...+ (gﬁféiif;)r

4. Calculate parameters A;,..., A
transform and solve)

n- (Insert the root as s,

Hint (Odd functions). )dz = 0.

)- [\ f@

Cor. fb+° )dx = f; f(t+c)dt

Cor. fab Fletydt =L [* f(z) dw

c ac

6.7 Integration of convergent series

Thm. Let f, : [a,b] = R be a sequence of bounded, inte-
grable functions which converge uniformly against a func-
tion f : [a,b] = R. Then f is bounded and integrable and

b b b
lim fn( )d$=/ li_)rn folx)de = | f(z)dx

0o b b [ oo
nz_:o/a fn(a:)dw:/a <n§_:ofn(x)d1>

Thm. Let f(z) := > po, ckz® be a power series with pos-
itive convergence radius p > 0. Then VO < r < p f is

= 5 o
k=0

integrable on [—r,r] and Vo €] —p, p[: [ f(t)dt
0

6.8 Improper Integral
fila,00) = R, f:[—00,a] = R, f:(—00,00) = R

Def. Let f : [a,00[— R be bounded and integrable on [a, b]
for all b > a. If limpy_yoo f; f(z) dzx exists, the limit is de-
fined as f;o f(x)dz and one can say that f is integrable

on [a,+oo[. If the limit does not exists, one can say that
el .
[ f(z)dx diverges.

Comparison Theorem. Let f : [a,00[— R be bounded
and integrable on [a,b] Vb € R,b > a.

1. f Ve > a: |f(z)|] < g(z) and g(z) is integrable on
[a,00[ = f is integrable on [a, col.

2. If 0 < g(z) < f(z) and [, g(x)
[° f(x) da diverges.

Hint. Sometimes an integral can be split into a normal
integral and an improper integral:

o0 2 1 2 o0 2
/ e ” d:c:/ e ” d:L‘—i—/ e * dx
0 0 1

dx diverges —

McLaurin. Let f : [1,00[—

> fn)

n=1

[0, 00[ be mon. dec.
converges < / f(x) dz converges.
1

The following holds:

<> s [ s@dn < s)
k=1 1

Def. Let f be a function which is bounded and integrable
on all intervals [a + €,b] Ve > 0. f :]a,b] — R is integrable

if hm f Sz

f f (The comparison theorem can be used for such
mtegralb as well.)

6.9 Indefinite Integrals

Let f : I — R be defined on the interval I C R. If f is
continuous there exists a primitive function F.

/f(x)dat:F(x)—i—C’

The indefinite integral is the inverse of the derivative.

) dzx exists. In this case the limit is defined as

Hint. [ f(z)dx = hm fb x)dr + hmf flz
/f(x)dac conv. < /f(a:) dx conv./\/f(ac)da: conv.

In general: Let f :]a,b[— R such that it is integrable on
each compact interval [a, b]. Then

/abﬂm

6.10 FEuler Gamma Function

Def. For s > 0:
T'(s) ::/ e s da.
0

The gamma function interpolates the function n — (n—1)!.
It converges for all s > 0.

dz := lim lim
) aNa b/‘b/ f



Useful Listings

Limits

. 1
zhﬁn;o(l—kx)z =1
. 1A _
11520(1ix) 1

lim 2¢® =0,V0< ¢ < 1

T—00

lim (1+21)*=e

r—+oo

lim (14 2)% = e

z—+o0

il—>0 cos(m) =1
lim lee@=—z _ 4
z—0 z

o 1=cos(@) _ 1
lim =1

20 arctan(x)

z—T—)\ )1: = 67)\

5t

ATl

ig% — =In(A),A>0
lim G+ _ 4

xz—0 z

lim 2@ _

T—r00

lim 32 =0
T—00

lim tan(z) = —o0
z—5+

lim zlnz =0
z—0t

lim 1_,_,71

Tr—00

lim e* =0
xr—r—00
lim e ®
xr—r—00

= 0

lim xze* =0
r—r—00

ilg%) In(z) = —o00

lim(1+a) =e
z—0

lim (1+ %)w =et

Tr—r00

lim {x =1

Tr—r00

: _ 1y _ 1
A= w) =
sin(z) _ 1

x

lim
x—0

cos(z)—1 __ 0

x

lim
x—0
lim sin(z) _ 0
z—o0 T

lim €= =1
z—0 T

lim arctan(z) =
T—00

lim tan(z) = +oo

=5

lim xlogx =0
x—0

Stirling Formula

lim

s—r00 (2)327 )’v

Series

Geometric: Y 00 q" = % if |q| < 1

Harmonic: Y 7 dlverges

n=1n
Telescope: > n(n+ y=1
exp(z) := > 0o & = limp oo (14 2)" = €*

C(s) =>02 L converges s > 1 (ﬁ)

—1 s
n=1n 75T

p(2) =Y g ckz® conv. abs. |z| < p =

1
lim sup |cg |1/*

n(n+1)

_ n(n+1)(2n+1)
2 - 6

M=
Il
M=

«
Il
-
.
I
-

n?(nt1)*
4

M=
-
w
|
NgE
3
I
m‘:‘w

s
Il
-
-
Il
—

Taylor Series

2 ,133 4

e =1ta+ Gt g+ +0EY)
. R
sin(z) = x g—l—g—(’)( 7
. R
s1nh()—m+§+§+(’)( [y
2 4
cos(z) =1— x——i—%—@(xe’)
2 gl
cosh()—l—i—f%-E%-O( )
x3 225
tan()—x—l—?—i-ﬁ—k(?( )
3 5
tanh(x):x—%—k%—@(x?)
2 23 a2t 5
log(1+ ) 173+§*Z+0(x)
2?2 a8 4

Parity of Functions

Even: f(—x)= f(z) Yz €D
0dd: f(—z)=—f(z) YxeD

Hint. Chaining odd functions results in an odd function.

|z|, cosxz, 2
x,sin, tan, 2>

Tips and Tricks from PVW script

(Inductive sequences) a1 := C, any1 = f(a,) (Yn > 1)

1.

Show monotonicity (either by induction over N or
show b, = an11 — an (strictly) pos/neg ¥n > 1)

Show that the sequence is bounded (by induction)

Monotone convergence theorem — 3 lim a,
n—oo

n—r oo

Choose I(n) =n+1 = li_>m pi1 =a
n o
And thus ¢ = lim ay,41 = lim f(a,) = f( lim a,)
n— 00 n—oo n—00

lim a, =a = Vsubseq. [(n): lim a;,) =a
n—oo

Hint. Do no forget to write: f as composition of two con-
tinuous functions is continuous when using MVT.

(Change of variables) Let f and g be functions with f
continuous in yo and g continuous in z¢ with yo = lim g(z):
Tr—T0o

lim f(g(z)) = lim f(y)

T—T0 Yy—Yo

(Powerrule) Let f,g: D — R be cont. in xy with

2, f(=) =
then:

f(zo) > 0 and ILm g(z) = g(xp) (both exist),
Tr—XTo

lim f(x)?®

Tr—x0

= f(20)9(®)

(Taylor Polynomial sin(4) with precision d)

1.

2.
3.
4.
d.

Choose a fitting center and denote the new function
o f(x) =sin(x) with 29 =4, a = 7 or
o f(z)=sin(r+z) withzg=4—m,a=0
Calculate the (N + 1)-th derivative of f(x)
Calculate the error | R, (f,xo,a)]
Solve the inequality |R,(f,zo,a)| < d to N.
Solve the taylor polynomial for the given N.

Hint (Convergence of integrals). An integral does not con-
verge if it is not bounded in the given interval.

1

. 1 :
ii)ﬂlz m =00 — ; m dx dlverges



Trigonometry
Periodicity

sin(z) = sin(x 4 27) cos(z) = cos(z + 2m)

tan(z) = tan(z + ) cot(z) = cot(x + )

Parity

sin(—z) = —sin(x) cos(—x) = cos(x)

tan(—xz) = — tan(z) cot(—x) = — cot(x)

Complement
sin(m — x) = sin(x) cos(m — x) = — cos(x)
tan(m — z) = — tan(x) cot(m — ) = — cot(x)

Multiple-angles formulae

sin(2x) = 2sinz cos x cos(2z) = cos? x — sin’ =
2tanx
1—tan? x

tan(2z) cot(2z) = cote_tans

sin(3z) = 3sinxz —4sin®z  cos(3z) = 4cos®x — 3cosx

Addition Theorems
sin(z + y) = sinz cosy & coszsiny

cos(z £y) = cosxcosy Fsinzsiny

__ tanzdtany
tan(:lc + y) ~ 1Ftanztany

__ cotxcotyFl
COt(JZ + y) ~ cotyzdcotzx

Multiplication

sinzsiny = % (cos(z — y) — cos(z + y))

cosx cosy = 5 (cos(x — y) + cos(z + y))

SIS

sinz cosy = %(sin(z — y) + sin(z + y))

Powers
sin? ¢ = 1=0p(20) gin® g — 3sinz—sin(3z)
cos? g = reos2r) cos? ¢ = Beosrtcos(3n)
tan?x = %:gg

Sum of functions

sinz + siny = 2sin 5= cos =5

sinx — siny = 2 cos l;y sin %54

cosx + cosy = 2005%(;05“7—;”

Tty

cosx — cosy = 2sin ¥ sin ¥

Miscellaneous
. 2 .12
sinz +cos?z =1 cosh“z —sinh“x =1

sinz(™ = sin (33 + %) cos (™ = cos (ac + %)

Angles
deg |0 30 45 60 90 120 135 150 180 270 360
ad |0 § § 3 5 ¥ F F oor F oo
sin |0 5 2 1 ¥E o 40 a0
cos |1 ¥ ¥ 1 g 1 -5 M 0 1
tan | 0 % 1 V3 - /3 -1 -5 0 - 0

Important Functions

arcos(x
tanfz) Tarcsin(z)

arctan(x)

N N

Useful bound for sin

Vo € RE :sin(z) <
Proof. Let g(x) = x—sin(x) with ¢’(z) = 1—cos(z) >0 O
Natural Logarithm Rules

In(1) =0 In(e) =1

In(z/y) = In(x) — In(y)

% xf = goth

In(zy) = In(z) + In(y)
In(a¥) =y - In(x)
(@%)? = o7

In(1+2z%) < azx

Function Properties

For the following section consider an arbitrary function f :
X-=Y.

Def (Well defined). f is well defined if f(x) exists Vz € D.

Def (Injective). Vz,y € X : f(z) = f(y) = z =y
Proof strategies:
e Assume f(z) = f(y) and then show that z =y

e Assume z # y and show that f(z) # f(y)
Def (Surjective). Vy € Y Jz € X : f(z) =y
Proof strategies:

e Take arbitrary y € Y and show that there is an ele-
ment € X. Consider f(z) = y and solve for x and
check whether or not x € X.

Def (Bijective). f injective and surjective = f bijective
(Show monotonicity) Calculate f'(z) of f: I — R. If
Veel: f(x) <(>)0 = f is monotone dec. (inc.)

Stirling Formula

V2mnn™

e7l
Can be used to approximate binomial coefficients e.g.

(&)=

n! ~



Derivatives and Integrals (src: dcamenisch)

F(x) f(x)
c 0
20 . po—1
_L_gotl 20
gy (az +b)" T (az +b)"
% x4 a# —1
: =
Ve e
VT %x%_l
niﬁﬁ—Irl Ve
e’ e’
In(|z]) :
tog (J21) e —og, ()
sin(x) cos(x)
cos(x) —sin(z)
tan(z) = S0 iy = |+ tan?(2)
cot(z) = §?§§§§ —siiQ(l)
arcsin(z) \/11_7
arccos(z) \/%
arctan(x) 1+1I2
sinh(z) = <4 cosh(z)
cosh(z) = ez_;ﬂ sinh(x)
tanh(z) = Z;r;}ﬁgz)) coshl2(z) =1 — tanh?(z)
7t T
ac® a® - cln(a)
x”® 2% - (1+In(x)), >0
(x™)* (®)*(z + 2z 1n(x)), >0
" 2% (z* 1 + In(z) - 2°(1 + In(z)))

F(x) f(x)
é In(|az + b|) a;c1+b
o — 295 n(lex + dJ) E
%0 ([2=2])
VaZ+a2+ Sz + Va2 +a?) | VaZ+a?
%m- %arcsin (ﬁ) a? — 2
%m—%ln(xﬁ-M) 2 — a2
In(z + Va2 £ &) -
arcsin (‘%) ﬁ
% arctan (%) a7
—L cos(az + b) sin(az + b)
cos(ax +b) —asin(az +b)
Lsin(az + b) cos(ax + b)
sin(az + b) acos(az +b)
—In(| cos(z)|) tan(z)
In(] sin(z)|) cot(x)
(a3 s
In (Jtan(5 + 7)) @)
1(z —sin(x) cos(z)) sin?(z)
1(z + sin(x) cos(z)) cos?(x)
(3 cos(3z) — 3cos(z)) sin®(z)
(3 sin(3z) + 3sin(z)) cos3(x)
tan(z) — x tan?(z)
—cot(z) —x cot?(x)
rarcsin(z) + /1 — 22 arcsin(z)
xarccos(z) — V1 — 22 arccos(x)
zarctan(z) — 3 In(1 4 22) arctan(x)
In(cosh(z)) tanh(x)
In(|f(x)]) e

F(x) f(x)
z(In([z[) — 1) In(|z[)
g (Ing)m+! n#—1 L(lnax)”
> (Inz™)? n#0 Lngn
In(|1n(x)]) x>0,x#1 mlnl(w)
blnl(a) a’® a"®
c:ccgl . ecT T - et
lecar ec®
"t n
T (ln(x) - ﬁ) n#—1 2™ In(x)

e“®(csin(az+b)—a cos(az+b))
a?+c?

e (c cos(ax+b)+asin(ar+b))
a?+c?

sin(z) cos(z)
3(f(@))°
VT

.
(am+b)”+2 o b(aw+b)"+1
(n+2)a? (n+1)a?
(amp+b)7z+1
ap(n+1)

é In |az? + b

@~ —“dc_zbc In |cx + d|

e sin(ax + b)
e cos(ax + b)
f'(@)f ()
1= e dx
(ax +b)"
x(ax)™
(axP + b) P!
(axP + b)~taPL

az+b
cx+d
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Multiple Choice Questions
This section contains only the correct answers.
Sequences and Series

o0 oo
> r converges absolute and )., converges:
o >°12 |ak|? converges always absolute.

o >-re axby converges always absolute.

Functions

Let f, g be monotonically increasing functions
# f - g monotonically increasing

+ 5 or % monotonically increasing

f:X—=Yg:Y = Zand go f: X — Z bijective:

o f is injective, g is surjective

Let a,b € R with a < b and f :]a, b[— R:

o |f| cont. # f cont. (CE f:—-12<0,1z>0)

o If f2 and f3 diff. in Ja,b[ and f(x) # OVx = f diff.
since % is diff. if both h = f3 and g = f? are diff.

Let f : [a,b] — R be a function and f,, a function sequence

with converges uniformly to f:

o If f, for all m > 1 in 2y € [a,b] bounded, then for all
partitions P der limit of lower sums exists

S(fn, P) = 5(f, P)

o If f,, for all n > 1 in x¢ is continuous, then f is uniformly
continuous

limy, 00

o If f, for all n > 1 in x(y convex, then f is convex.
o If f, for all n > 1 is diff. in xg # f is diff. in xg

Let f: [-1,1] — R be an even, two times diff function.

Does Vz €]0,1[3p €]0,z[: f(z) — f(0) = f (“) hold?

o Yes. f’is diff. and cont. on | —1,1]. Thus using MVT
Vz €]0,1] 3u €]0, z[: f’(ﬂ?) —f( ) = f"(w)(z—0) =
f(@) = f"(w)x. Thus [ f'(z)de = f"(u) [ vde. Us-
ing fundamental theorem of calculus, we have f(z) —
£(0) = £

In(x)sin(2rz), 0<a <
0, rz=0
a sequence in [0, 1] defined as

Let g(z) =

= inf g(t
9= o5, 90
infoy o1 g(t), 0<z< %
infio,c29(t), L <a<?
Vk > 2
gn = inf; st g(t), 2 <a<if
inf%gtg q(), n;l <z<l1
¢ g is not smooth since lim,_,q+ M = —00

o Jzg €]0, 1] with ¢ (a:o) = 0 since intermediate value the-
orem between ¢'(1) > 0 and ¢/(2) < 0.

o The sequence (gp)n>1 converges uniformly to g(z)

© g( )n>1 and g are integrable and
fo gn(z)dx < fo x)dz for each n > 1

¢ (gn)n>1 and g are integrable and lim,, fol gn(z) dx =
1
fo g(z) dz
General Exercises

Sequences and Series

Investigate if 3_° , log(;;%7) converges:
o 3oy log(Gy) = (log(1)—log(2))+(log(2)—log(3))+. . .
This is a telescopic series and thus alle terms cancel out

except for log(1) —log(n + 1) and thus for n — oo it the
series must diverge.

Let Y72, ai be abs. conv. and Y ;- | by conv. does
> peq bisin(ay) converge?

¢ Proof limy_,o, by = 0 by using c; where ¢; = 0 and
cx = b1 for k > 2.

n

o lim Zbk— lim ch =

hm b = hm(Z b, — >

n=oo k=1 k=1

Ck)ZO

10

1
and let g(n),>1 be

o Since |sin(z)| < |z|, then by comparison theorem
Y ey sin(ay) converges absolutely.

o Since by, is bounded by constant C: |b, sin(a,)| < Clay]|.
Calculate lim 2*sin(L)
z—0
o @+ |sin(1)] is bounded by 1
© 0< |zt sin(L)] <2t
¢ Both left and right handside functions have limit 0.
o Thus by sandwich theorem it converges to 0.
Show that n11_)11;1O (cos (ﬁ) = 6_7)

¢ cos(z) = 17L22+(9(x4
VteRifn = oo

oo (<) = e (s (cos (1))

) and log(1+ ) = 2+ O(2?) hold

Let f:R =R, f(z) = <sl@=sin()?

o Show that |f'(z)] < 2 for all € R. Since f'(z) =
szn(z)(71472cos(m)) — |f/($)| < |71|+\24cos(x)|

IN

3
4

o Let (z5,)n>1 be a sequence such that z; = 0 and
Tny1 = f(xn). Show that |z,1 — 2| < (3)" 711
Since x5 = f(z1) = f(0) = 7 we have |zo — 1] = 1.
That means it hold for n = 1. Per induction we assume
|Tns1 — an| < (2)"711 Vn < N. Because of the mean
value theorem of diff. it exists a ¢t between zy and xn_1
such that |[zy11 —2n| = |f(zn) — f(zN-1)]

< flt)|an — an-1] £ 3oy —ana] < (3N

1
1



¢ Show that z, is a cauchy sequence. For m
have because of the triangle inequalitiy: |z,4m

o
m m m
3 frnek—rariaa] € 3 (3 = ()2 3

k
n— & n—2
< (PrPa-1+ kzo(%)k) =G i1+ %)
= (2)"~! That means for a given ¢ > 0 we choose
N(e) € N, such that (3)"™' < e Vn > N. Then it
holds that |Zp1m — 2n| < € Vn > N,m > 0. Which
implies that it is indeed a cauchy sequence.

(LY
o
|
3

¢ Show that x, — y for n — oco. Since the sequence is
cauchy, it converges and because of continuity it follows

Functions

7, x>0

1, x = 0 is continuous.
(—z)™" x<0

o Because z” is cont. for x > 0 and (—z)~
x < 0 it suffices to prove lim, ¢ f(z) = 1.

Show that f(z) =

* is cont. for

H . li
() 2 jim 7_11//‘”2 =0=2*1
z—0t z

o lim zlnz = lim T/
r—0+ z—0t z

¢ Since the function is even, we have lim,_,o- 2% = 1.

1

Show that f(z) = tan(z?), z €]((—Z)3), (Z)3)] is monotone

2 2

and calculate its inverse:

o f'(z) = tan’(23)32? = % > 0 since cos(y) is strictly
xz = 0 does not break the

positive for —5 <y < 3.
.. 1 1
monotonicity. f~(x) = arctan(z)3.
Calculate all cont. points of f: R — R with

1-2z2, z€Q
fx) = :
x—3, zeR\Q
o The graphs for intersect in only one point: 1 — 2z =
T—3 = z9=3

o Proof continuity of xg with y € R\Q by |f(x0) — f(v)|
L-5-y+3l=I5-yl=lzo—yl<3s

¢ Set & = € then it shows that f is continuous at xg.

o To proof that it is the only continuous point in the
function an each z € Q lies between irrational num-
bers, we can take € as the half of the distance between

f(z) =1 -2z and = — 3 and then it is clear that for
0 small we have that if y € (z — 0,z + ) "R\ Q then
|f(z) — f(y)] > e. The existence of § follows from the
fact that the distance between the two lines varies con-
tinuously.

Derivatives and integrals

f(z) = [7 <= dt + log(2). Calculate f'(x):
o Let g(z) = £ thus f(z) = G(2) — G(x) + log(£)
o It follows f'(z) = G'(z) + L since G(2) =C € R

o Thus f/(z) = g(z) — L = =<1

Let f : [a,b] = R, G : [a,b] — R be integrable with G
continuous and F' > 0. Show that ¢ € [a, b] exists such that
[P F(2)G(x) dz = G(c) [} F(x) da:
¢ Because I’ > 0:
(inf(op) G)F(z) < G(z)F(z) < (supy, ) G)F(x) for all
x € [a,b]

¢ Thus by monotonicity of integrals:
(infjq,5 G) f:F(x) dx < f; G(z)F(x)dz < (supj, ) G) f: F(z)dz

o because F > 0, it follows f: F(z)dz > 0 and thus we
can write
G < [P G(z)F(z) dx

inf[“’b] [! F(x)da

< supp, ;) G-

o Because G is continuous we can use the mean value the-

b
orem such that 3c € [a,b] : G(c) = %

11

Undergraduate approved theorems

$ To-Ye 7 Cryptric I ucinereo

bg: B g y)
1,8 % 28 =P
La=)= 22=[2%=) = [|z|=2)

$: az-ay=a(r-y)

$: cos(x?) = cos(x + )
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